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1. INTRODUCTION 
Recently, the first author and Yuan obtained a coincidence theorem for compact upper semi- 
continuous mappings with compact contractible values [1, Theorem 1]. We employ a modified 
version of this result (Lemma 1 below) to generalise the following fixed-point heorem [2]. 
THEOREM 1. Let K ~ @ be a convex subset of a Hausdorff topological vector space E. Let 
T : K --~ 2 K be a multivalued mapping such that: 
(1) for each x E K,  T(x)  is a nonempty convex subset of I<; 
(2) for each y E K,  T - l (y )  -- {x E K : y E T(x)} contains an open set Oy which may be 
empty; 
(3) UyeKOy = K; 
(4) there exists a nonempty set Xo contained in a compact convex subset X1 of K such that 
D = AxexoO~ is either empty or compact (where O~ is the complement of Ox in K).  
Then there exists a point xo E K such that Xo E T(xo). 
Let us point out that  Park and Jeong [3] have generalised Theorem 1 of [1] to noncompact 
mappings under different assumptions than those used here. 
Let X and Y be topological vector spaces. A set-valued mapping f : X --~ 2 Y is said to be 
upper semicontinuous (usc for short), if for any x E X and any open set V containing f (x)  there 
exists an open set U containing x, such that  f (z )  c V for all z E U. A mapp ingg  : X - -~ R 
is lower semieontinuous (lsc) if {x G X : 9(x) ~ r} is a closed subset of X for any r E JR. The 
mapping g : X --~ R is quasi-concave if {x E X : g(x) > r} is convex for any r E ]~. By co A, we 
mean the convex hull of the set A C X.  For each natural number n, let N -= {0, 1 , . . . ,  n} and 
AN = co {e0, . . . ,  en} be the standard simplex of dimension , where {e0, . . . ,  en} is the canonical 
basis of R n+l  and for J C N, Aj  : CO {ej : j E J}. A topological space is said to be contractible 
if the identity mapping is homotopic to a constant function. 
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2. MAIN RESULTS 
To begin, we prove a slight generalisation of Theorem 1 in [l]. 
LEMMA 1. Let X be a contractible space and Y a compact Hausdorff topological vector space. 
Let A : X -+ 2y be upper semicontinuous with closed contractible values. Suppose that 
B : Y -+ 2x is such that: 
(a) B-‘(x) contains an open set 0, (which may be empty) such that Uz~y,Oz = Y; and 
(b) for each open set Q in Y, the set $,c~B(y) is empty or contractible. 
Then there exist wo E X and zo E Y such that wg E B(zo) and zo E A(wo). 
PROOF. The proof proceeds along the same lines as that in [l]. We first show that, there exist, 
an n-simplex A, and two functions f : A, + X and $ : Y + AN such that f($(y)) E B(y) for 
all y E Y. 
As Y is compact and UzExOI = Y, there exists a finite subset (x0,. . . ,x,} of X such that 
~~~~0~~ = Y. For each nonempty subset J of N := (0,. . . , n}, we define 
F 
1 
n{B(y) :Y E %JO~,}, if njEJOz, #& 
J 
= 
X, otherwise. 
Note that y E njeJOrj implies {xj : j E J} C B(y) and SO using (b), if njsJozj # 8, then 
FJ = n{B(y) : y E njeJOzj} is nonempty and contractible. Moreover, it is clear that FJ c FJI, 
whenever 0 # J c J’ C (0,. . . , n}. Thus, F satisfies all the hypotheses of [l, Lemma l] (see, 
also, [4, Theorem I.l]), and so there is a continuous function f : AN + X such that f(A,) c FJ 
for all J c N. Let {$~i : i E N} be a continuous partition of unity subordinate to the open covering 
(0,; : i E N}; that is, for each i E N, $i : Y + [0, l] is continuous, {y E Y : q!~i(y) # 0) C Ozi 
such that Cz, $i(y) = 1 for all y E Y. Define $ : Y + AN by $(y) = (&o(y), . . . , &(y)) for 
each y E Y. Then $(y) E AJ(~) for all y E Y, where J(y) = {i E {O,l,. . . , n} : $(y) # 0). 
Therefore, f(ti(y)) E ~(AJ(,)) C FJ(~) C B(Y). 
It is clear the composition A o f : AN --+ 2 y is USC with closed, contractible values and 
II, : Y + AN is continuous. Lemma 2 of [l] assures the existence of an x0 E A, such that 
xo E $(A(f(xo))). D fi g e nin wg = f(xo), we have wg = f(xo) E f($(A(wo))) and so we can 
choose a zo E A(wo) such that wg = f($(zo)) E B(zo). I 
The following is the main result of the paper. 
THEOREM 2. Let X be a complete convex subset of a locally convex Hausdorff topological vector 
space E, and Y be convex set in Hausdorff topological vector space H. Let g : Y -+ 2x be upper 
semicontinuous with nonempty compact convex values and f : X + 2y have nonempty convex 
values such that: 
(i) for each y E Y, f-‘(y) contains an open set 0, c X (which may be empty for some 
YEYh 
(ii) UyEyOy = X; 
(iii) there exists a compact convex set Yl c Y and YO c Yl such that D = nzlEyoO; is compact 
or empty (here 0: denotes the complement of 0, in X). 
Then there exists an zo E X such that g-‘(so) n f(xo) # 0. 
PROOF. First, suppose D = 0. In this case, f(x) n Yl # 0 for all x E E7g(Yl). To see this, 
suppose there is an 20 E i?Cg(Yl) such that f(xo) n Yl = 0. Then for each y E Yl, y # f(so), 
i.e., x0 $ f-‘(y) and as 0, c f-‘(y), 20 E 0; for all y E Yl. So x0 E nvCyl 0; c nvEyoO; = D, 
which contradicts our initial assumption that D = 0. Thus, we may define a nonempty set- 
valued mapping h : mg(Yl) -+ 2 fi by h(x) = f(x) n Yl. Then h(x) is convex and h-l(y) = {z E 
cog(K) : y E h(x)} = {X E mg(Yl) : y E f(x) n Yl} = f-l(y) n cog(Y1) 3 0, n cog(Y1) = 0; 
which is relatively open in E?ig(Yl). Moreover, UyEylOi = mg(Yl) since nyEYoO; = 0. Thus by 
Lemma 1, there exists an x0 E E7g(Yl) such that h(xo)ng-l(xo) # 0, that is, f(xo)ng-l(zo) # 0. 
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Next suppose D ¢ 0, and is compact. In this case, we argue by contradiction, so suppose 
there is no x0 e Z such that f(xo) M g- l (x0)  ~ O. If O~ = 0, for some y E Y as s- l(y)C C 0~, 
then f - l (y )  = X. So y e f (x)  for all x E X and choosing z • g(y), we have y • S(z), that is, 
y • f (z)  M g- l (z) ,  which is a contradiction. Thus, O~ ~ 0 for all y • Y. Moreover, the sets O~ 
satisfy the following: for any finite subset {Yl,.-.,Yn} C Y, g (co(y l , . . . , yn})  C Ui~lO~,. To 
prove this, suppose z • g(co{yl , . . .  ,Yn}) but z ¢ Ui~lO~,. Then z • N~=lOy ~, and so yi • S(z) 
for all i -- 1 , . . . ,  n. The set f (z)  is convex so co {Yl, . . . ,  Yn} C f (z)  and as z • g(co {Yl, . - . ,  Y,~}), 
we may choose w • co {Yl, . . . ,  Yn} such that z • g(w). Then w • f(z),  and this contradicts the 
U n O c for any finite assumption that there is no coincidence point. Thus, g(co{yl , . . .  ,y,~}) C i=1 y~ 
subset {Yl , . . . ,  Yn} of Y. 
For our next move, let {y l , . . .  ,Yn} C Y be arbitrary and define K = ~({Y l , . . .  ,Y~} U Y1), 
which is compact and convex. We claim nyegO ~ ~ O. Indeed if this is not the case, the set-valued 
mapping h :-d-fig(K) --~ 2 g defined by h(z) = {y • K : x • Oy} is nonempty for all z • ~-Gg(K). 
Also, h- l (y )  = {x • ~-~g(K) : x ¢ O~} = "C6"g(K)NOy = Oy and Oy is relatively open in -CGg(K). 
Define j (x)  = -Cffh(x). Then ()~ C h- l (y)  C j - l (y ) .  As nyeKO~ = O, UyeKOy = X,  and so 
~Jyeg()y = "Cffg(K). By Lemma 1 there exists an Xo • ~-~g(K) such that j(xo) A g-l(Xo) ~ 0. 
That is, there exists an xo • -~-ffg(K) and w0 • K, such that wo • j(xo) and Xo • g(wo). So Wo = 
~=1 Aiwi, where wi • h(xo) and ~-~i Ai = 1, Ai > 0. From the definition of h, we have xo ¢ O c 
I Im O C for all i 1, m, that is, z0 ¢ ~m O c But zo • g(wo) C g(~o-{wl,. . . ,wm}) C -~=1 ~,, ~-  " " • , ' - ' i= l  w i "  
a contradiction which proves that nyeKOy ¢ 0. So [nyey~O~] N [M~IO~, ] ¢ ~, which implies 
nn=l(D n 0~,) ~ 0. As D is compact and O~ N D is closed with the finite intersection property, 
Nyev(Oy n D) ~ 0 and so NyevOy ~ 0, a contradiction to (ii). Thus, the proof is complete. I 
REMARK. Due to the pathological fact that the closed convex hull of a compact set in an arbitrary 
topological vector space need not be compact, it is necessary that we assume X is locally convex 
and complete. Therefore, our Theorem 2 is not a strict generalisation of Theorem 1, although it 
extends Theorem 1 in the sense that a coincidence point is generally not a fixed point for either 
of the mappings involved. 
COROLLARY 1. Let X and Y be as above. Let g : Y --* 2 x be upper semicontinuous with 
nonempty compact convex values and f : X -~ 2 Y have nonempty convex values such that: 
(i) for each y • Y,  f - l (y )  contains an open set Oy C X (which may be empty for some 
y • Y); 
(ii) UyeyOy = X;  
(iii) there exists a point Yo • Y such that 0~o is compact or empty. 
Then there exists an xo • X such that g-l(xo) n f(xo) ¢ 0. 
PROOf. Take ]I0 = Y1 = {Y0} in Theorem 2. I 
In the following, we employ Theorem 2 to prove a minimax inequality generalising Theorem 1 
of [5], 
THEOREM 3. Let X and Y be as above. Let f : Y --* 2 X be upper semicontinuous with compact 
convex values and g : Y × X --~ ]~ such that: 
(i) for a11 y • Y,  x ~-* g(y, x) is lower semicontinuous; 
(ii) for ali x • X ,  y H g(y, x) is quasi-concave; and 
(iii) there exists a nonempty compact convex set Y1 C Y and ]Io C ]I1 such that for all 
z • X \ f (Y1)  there exists a w • ]Io such that g(w,z) > sup yeY g(y,u). 
uef(y) 
Then 
inf sup g(y,x) <_ sup g(y,u). 
xEX yEY yEY 
ueS(y) 
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PROOF. We begin by noting that Condition (iii) makes no sense when sup veY g(Y, u) = oo, 
uEf(y) 
though then the conclusion is trivially satisfied. Without loss of generality, we may assume 
sup g(y,u) < oo. 
yeY 
uEI(y) 
Suppose, for a contradiction, that infxex supvey g(y, x) > r. Then the set-valued mapping 
h : X ~ 2 y defined by 
h(x) = {y • Y :  g(y,z) > r} 
is nonempty with convex values. Furthermore, h- l (y)  = {x • X : g(y,x) > r} = Oy is open as 
g(y, .) is lower semicontinuous. It is easily seen that UveyOy = X.  Finally, we show NveyO ~ is 
compact or empty. For z • X \ f (Y1) ,  employing (iii), we have the existence of a w • Y0 such 
that g(w,z)  > r; that is, there is aw • ]I0 such that z ~ O c. This implies z ~ O c and so 
NyeYoO ~ C f(Y1). Theorem 2 implies the existence of a Y0 • Y such that f(Yo) N h- l(yo) # 0. 
Let w0 be a member of this intersection. Then g(yo,wo) > r and Wo • f(Yo), a contradiction to 
the definition of r. The proof is complete. | 
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